Negative refraction plays an important role in acoustic wave manipulation and imaging. However, conventional systems based on acoustic metamaterials suffer from the limits induced by loss-related and resolution issues. In this work, a parity-time (PT)symmetric system is introduced to realize loss-free bidirectional acoustic negative refraction. The system is composed of a pair of locally PT-symmetric multi-layer metasurfaces sandwiching a region of free space, which also forms a global PTsymmetry. The property of bidirectional negative refraction, which is rare for regular PT-symmetric structures, is related to the coexistence of amplification and absorption in the locally PT-symmetric metasurfaces at their PT broken phases. Such metasurfaces can freely switch their states between coherent perfect absorber (CPA) and amplifier depending on the direction of incidence. Our results provide a new physical mechanism for realizing bidirectional functions in PT-symmetric systems.
I. INTRODUCTION
Veselago used the constitutive parameters of dielectric permeability  and magnetic permittivity  to define the concepts of single negative and double negative in electromagnetic metamaterial [1] . The unusual phenomenon of negative refraction can be induced by the simultaneously negative values of  and  (i.e., double negativity (DNG)) [2, 3] , which promises a wide range of potential applications such as superlens [4, 5] and illusion optics [6] . Since light and sound are both waves with similar wave characteristics, tremendous interests have been extracted to the acoustics analogue of DNG materials. Constitutive parameters for acoustic media are mass density  and bulk modulus B, respectively [7, 8] . If these two parameters are both negative, the phase velocity of acoustic wave is also negative and negative refraction can be realized. In previous studies, negative refraction has been realized by the artificial structures for classical acoustic waves, such as metamaterials and phononic crystals [9] [10] [11] . However, the property of negative refraction also inevitably leads to significantly increased sensitivity to losses, which imposes inherent challenges in practical applications.
In recent years, the investigation of electromagnetic PT symmetry has provided a new approach to realize negative refraction without the need of negative index materials, which may overcome the limitation of the DNG metamaterial designs [12] [13] [14] [15] [16] . The system of negative refraction is composed of a pair of single-layer metasurfaces exhibiting loss or gain, which enables unidirectional loss-free negative refraction. In this case, the power flow always directly transfers from the gain metasurface to the lossy metasurface, thus the negative refraction is always unidirectional, i.e., the negative refraction is possible only when the wave is incident on the lossy metasurface [17, 18] . This unidirectional property comes from the exceptional point (EP) of the PTsymmetric system. In a flurry of researches, many extraordinary phenomena associated with the singular EP have been demonstrated, such as light-light switching [19, 20] , unidirectional invisibility [21] [22] [23] [24] , teleportation [25] , and impurity-immunity [26] . At the EP, the eigenvalues and eigenvectors of the non-Hermitian system coalesce simultaneously [27] . Besides the EP, there exists another type of singular points denoted as the CPA-laser (CPAL) point in the electromagnetic PT symmetry, which has recently gained attention owing to its singular characteristics for the PT-symmetric system [28] [29] [30] [31] [32] . At the CPAL point, the eigenvalues go to either zero or infinity, corresponding to two mutually exclusive states, i.e., the coherent perfect absorption mode and the lasing mode.
Here, by introducing the concept of CPAL point into acoustic PT symmetry, similar CPA-saser (CPAS) point can be observed in the field of acoustics. Here, saser is the acoustic equivalence of optical laser [33] . Therefore, the acoustic PT-symmetric system can simultaneously behave as a perfect absorber that absorbs the incident acoustic waves, and an amplifier that amplifies the incident acoustic waves. Based on the characteristics of the CPAS point, a general method to realize bidirectional acoustic negative refraction in PT-symmetric systems is proposed in this work. The bidirectional negative refraction is realized by using two identical locally PT-symmetric multi-layer metasurfaces, separated by a region of free space. The loss and gain layers in the metasurfaces are carefully engineered to achieve the switching between the amplification and perfect absorption states at the CPAS point. Therefore, the negative refraction is independent of the incident direction of the acoustic waves, which is contrary to previous results in systems with a PT symmetry. Moreover, we find that this PT-symmetric systems can be designed to achieve negative bending effects by any desired angle, as well as planar focusing effects with good resolution.
II. DESIGN
The bidirectional acoustic negative refraction system is sketched in Fig. 1 , which is a globally PT-symmetric system constructed by two identical locally PT-symmetric multi-layer metasurfaces, which are separated by a region of free space with distance d.
Each metasurface is composed of a four-layer structure with loss layers (A) and gain layers (B) arranged alternatively and periodically. The lengths of the loss and gain layers are both one-quarter wavelength l = 25 mm and the total length of the metasurface is 0 L   ( 0  is the wavelength in the air). Here, the operating frequency should be equal to the Bragg frequency fb = 3430 Hz and the CPAS point of the PTsymmetric metasurface is approached at this frequency. As shown in Fig. 1 , when a plane wave is incident from the left side of PT-symmetric system with angle  (black arrow in the I region), the multi-reflection between two metasurfaces (II region) forms both forward-traveling and backward-traveling acoustic waves. With suitable parameters, the forward-traveling wave can be ignored compared with the backwardtraveling wave, and thus the forward-traveling wave is not shown in Fig. 1 , as shall be explained later. In this sense, the main energy flux flows from the right side to the left side between two metasurfaces. When the backward-traveling wave transfers to the left metasurface, it will be absorbed by the left metasurface which is under the CPA mode, and there is no reflection in the I region. Meanwhile, when the forward-traveling wave transfers to the right metasurface, it will be transmitted after amplified by the right metasurface. The pressure amplitude of the transmitted wave in the III region is equal to that in the I region, which means the perfect transmission is achieved. Similarly, when a plane wave is incident from the right side of PT-symmetric system with angle  (red arrow in the III region), the right metasurface absorbs waves from both sides and the left metasurface amplifies the incident wave from II region. Therefore, the bidirectional acoustic negative refraction functionality is obtained as a result of a pair of CPA and amplifier in such a PT-symmetric system. At the CPAS point, The PTsymmetric metasurface can uniquely satisfy both functionalities of the amplification and coherent perfect absorption without resorting to altering the frequency or the structure of the metasurface. 
III. SCATTERING PROPERTIES
PT symmetry offers a new strategy to utilize loss to control gain, and the intriguing possibility to significantly expand the methods of acoustic wave manipulation [34] .
Here, our PT-symmetric system is depicted in Fig 
where ( is the reflection coefficient for left (right) incident acoustic wave. t is the transmission coefficient, which is identical for both left and right incident waves due to reciprocity. We start with a design for the case of normal incidence on the PT-symmetric system. The operating frequency
is chosen as f = 3400 Hz, which is slightly larger than expected Bragg frequency fb. 
where 0 k is the wave number in free space and  represents the incident angle. Zero reflection is obtained for the incidence from the left or right side of the system, and the transmitted wave undergoes a phase advance 0 (
that is exactly opposite to the one without the pair of PT-symmetric metasurfaces (the time-harmonic dependence is i t e  ). Therefore, when 0.7   , the designed PT-symmetric system exhibits loss-free zero reflection, and realizes bidirectional acoustic negative refraction just like a DNG medium of thickness d with an additional phase shift  . The additional phase shift  is caused by the PT-symmetric metasurfaces. In this case, the scattering matrix describes the fascinating acoustic property of bidirectional acoustic negative refraction, which is rare for regular PT-symmetric systems. 
where l T and 
where r T is the corresponding transfer matrix, the detail of which is given in Eq. , respectively. The transfer matrix method is used to derive the acoustic scattering matrix describing the relation between the input and output waves, i.e., 
where   is the relative phase difference between the left and right incident waves,
is the absolute ratio of the left to right incident waves. Equation (5) indicates that, when 1.8 a  and transmission coefficient 1 t  , which indicates that the perfect transmission is independent of the distance d between two metasurfaces. Hence, the acoustic perfect transmission is clearly observed for the normally incident plane wave and the globally PT-symmetric system has potential ability in bidirectional acoustic negative refraction. It is important to note that this PT-symmetric system can be designed to negatively bend acoustic incident waves with any desired angle, as shown in Eq. Since the PT-symmetric system has good resolution in both transverse and longitudinal directions, it has potential in ideally focusing the source with arbitrary angle [13] . If the incidence is a point source at a distance from the PT-symmetric system, it will again focus at two different distance points, which generates two images of the point source. Here, we assume the point source is placed at a distance 1 
APPENDIX A: TRANSFER MATRIX METHOD
In this Appendix, the globally PT-symmetric system is analyzed by the transfer matrix method. As shown in Fig. A1 , the PT-symmetric system is composed of eleven sections: four loss layers (A), four gain layers (B), and three free space regions (I, II, and III regions). When a plane acoustic wave is incident on the system, it will generate multiple transmissions and reflections that bound forth and back within each section.
In Fig. A1 , we show the stationary forward-and backward-traveling waves in each section, which are the sum of an infinite number of transient forward-and backwardtraveling waves, respectively. When a plane acoustic wave is incident from the left side of the PT-symmetric system. The expressions of the pressure field ( I p ) and the particle velocity field ( I v ) that contain forward-and backward-traveling waves in the I region  is the angle between backward traveling wave and
x-axis (reflected angle). The pressure field and the associated particle velocity field that contain forward-and backward-traveling acoustic waves in the m-th layer of the left/right metasurface ((1, m)/(2, m), m = 1,2,3,4) are given by ( 
where (1, ) m p and (1, ) m v are the pressure and associated particle velocity fields in the m-th layer of the left metasurface, ( The reflection coefficients for the acoustic waves incident from the left side ( L r ) and the right side ( R r ) of the PT-symmetric system can be obtained from Eqs. (A11) and (A12), respectively. The transmission coefficients t calculated from Eqs. (A11) and (A12) are the same due to reciprocity.
FIG. A1 Transfer matrix model of the globally PT-symmetric system.
